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1. Introduction 

The last year has witnessed impressive progress in constructing the actions of multiple M2 
brancs and studying their properties. M2 branes can be described by three-dimensional 
superconformal field theories, which have the structure of Chern-Simons-matter theory 
with A^=6 or A^=8 extended supersymmetry. The problem of constructing such actions 
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for multiple M2 branes was raised several years ago in [1], but was resolved only recently in 
a series of works [2, 4, 3, 5, 6]. Various aspects of these theories were studied subsequently; 
a partial list of papers is [7] -[3 7]. 

Of special interest is the work of Aharony, Bergman, Jafferis and Maldacena (ABJM) 
[5] in which the three-dimensional M=6 superconformal theory was constructed and proved 
to describe multiple M2 branes on the C^/Z^ orbifold. The ABJM model plays a fiuida- 
mcntal role, since many three-dimensional superconformal theories such as the Bagger- 
Lambert-Gustavsson (BLG) model with maximal A^=8 supersymmetry [2, 3] and other 
models with less supersymmetry follow from the ABJM one under particular choices of 
the gauge group. The field content of the ABJM model is given by four complex scalar 
and spinor fields which live in the bifundamental representation of the ^{N) x U{N) gauge 
group ^ while the gauge fields are governed by Chern-Simons actions of levels k and —k, 
respectively. 

It is desirable to have a superfield description of the ABJM models, with maximal 
number of manifest and off-shell supersymmetries. As in other cases, such superfield for- 
mulations are expected to bring to light geometric and quantum properties of the theory 
which are implicit in the component formulation. To date, several approaches to the su- 
perfield description of the ABJM and BLG theories are known. They use either Af=l and 
M=2 off-shell superfields [7, 31, 32] or M=Q and J\f=8 on-shell superfields [33, 35]. These 
formulations were able to partly clarify the origin of the interaction of scalar and spinor 
component fields ^. 

In the present paper we take the next step in working out off-shell superfield formu- 
lations of the ABJM theory. Namely, we develop its formulation in M=S, d=3 harmonic 
superspace, which was proposed in [40, 41] as the appropriate adaptation of the J\f=2, d=A 
harmonic superspace [42, 43]. The four complex scalars and spinors are embedded into two 
q liypcrmultiplet analytic superfields which sit in the bifundamental representation of the 
U(A^) X U(Ar) gauge group. The gauge part of the action is given by a sum of two A/'=3 
supersymmetric Chern-Simons actions with levels k and —A;, respectively, just as in the 
component approach [5] . In this formulation, three out of six supersymmetries are realized 
off shell and arc manifest, while the other three transform the gauge superfields and hyper- 
multiplcts into each other and close only on shell. The same concerns the full automorphism 
group S0(6) ~ SU(4) of the A/'=6 supersymmetry: only its SU(2) x SU(2) subgroup is man- 
ifest in the M=3 superfield formalism, while the coset SU(4)/[SU(2) x SU(2)] is realized 
by nonlinear superfield transformations with an on-shell closure ^. 

The scale invariance of the ABJM theory imposes severe restrictions on the action in 
the JV=3 superfield formulation: only minimal interactions of the q hypermultiplets with 
the gauge superfields are admissible, and no explicit superpotential can be constructed. 

^Generalizations to some other gauge groups are described, e.g., in [16, 28, 29, 30]. 

^Earlier important references on superfield extensions of Chern-Simons theory with and without matter 
couplings are [38], [39] and [40]. 

^The pure Chern-Simons theory also admits off-shell jV=5 and N=Q extensions in some specific harmonic 

superspaces [44, 45]. However, it is likely that analogous superextensions of the Chern-Simons-matter 
systems do not exist, rendering the M=2> extension as the maximal off-shell one. 
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One may wonder how the sextic scalar potential of the ABJM model can appear in the 
absence of an original superpotential. We show that, upon reducing the superfield action 
to the component form, the scalar potential naturally arises as a result of eliminating some 
auxiliary fields from the gauge multiplet and from the harmonic expansion of the off-shell 
q hyper multiplets. This is a striking new feature of the J\f=3 superfield formulation as 
compared to the Af=l and M=2 ones. 

The paper is organized as follows. In Section 2 we collect the basic building blocks of 
the A^=3, d=2> harmonic superspace approach which are used in Section 3 for constructing 
the A/'=3 superfield action of the ABJM model and for demonstrating its A/'=6 and SO (6) 
(super)invariances, for the gauge group U(7V) x U(M). We also show how the sextic scalar 
potential of the ABJM model emerges. In Section 4 we present A^=3 superfield formulations 
for a variant of the ABJM theory with gauge group SO(A^) x USp(2M), which respects 
M=f> supersymmetry and SO (5) R-symmetry. We also demonstrate in a simple way that 
the SU(A'^) X SU(M) model admits hidden supersymmetry and R-symmetry (AA=6 and 
S0(6)) only for the choice N=M . Section 5 is devoted to the special SU(2) x SU(2) case 
in which the ABJM model coincides with the BLG one. We present in Af=S superfield 
form the hidden f/=8 supersymmetry and S0(8) R-symmetry of this model. The final 
Section 6 contains a discussion of our results and marks prospects of their applications to 
M2 branes and their relation with D2 branes. In an Appendix, for the simple example of 
the U(l) X U(l) model, we describe the M=3 superfield realization of the Higgs-type effect 
of [37] which relates M2 branes to D2 branes. 

2. Gauge and matter theories in J\f—3 , d—3 harmonic superspace 
2.1 Superspace conventions 

We start with a short review of the A/'=3, d=3 harmonic superspace and field models 
therein which were originally introduced in [40, 41]. Our three-dimensional notations are 
as follows: we use the Greek letters a, /?, . . . to label the spinorial indices corresponding to 
the S0(l,2) ~ SL(2, i?) Lorcntz group. A vector in d=3 Minkowski space is equivalent to 
a second-rank symmetric spinor, x°'^ = x"^{'ym)"^ 

(7"^)"^(7m)p. = 2SfX^ , (2.1) 

where ijmn = diag(l, —1, —1) is the d=3 Minkowski metric. The R-symmetry of M=3 
superspace is S0(3)i? ~ SU(2)r. Therefore we label the three copies of Grassmann variables 
by a pair of symmetric SU(2) indices i.e., Oa = Oa- Hence, the M=3 superspace is 
parametrized by the following real coordinates 

z = {x'^,9^), ^ = x"^, W = %„. (2.2) 

The partial spinor and vector derivatives are defined as follows 

^0f = 515%5]^, d^.x^'^ = 2S[Jl^^ d^, = {j-U^. (2.3) 
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These derivatives are used to construct covariant spinor derivatives and supercharges, 

D'J = ^ + ie'^ ^d^p, Q'J = - ^9^0 ■ (2-4) 

kj kj 
The spinor indices as well as the R-symmctry ones are raised and lowered with the anti- 
symmetric two-dimensional tensors ea/3, £ij, respectively (ei2 = — e^^ = 1 )• 

We use standard harmonic variables parametrizing the coset SU(2)/U(1) [42, 43]. 
In particular, the partial harmonic derivatives are 

d++ = ut—-, d-- = X, 9° = = «+-^ - u--—. (2.5) 

The harmonic projections of the Grassmann A/'=3 coordinates and spinor derivatives can 
be defined as follows 

D'J iD++, D--,Dl) = iutu^D^^,u-u-Di^, u+vJD^). (2.6) 

The analytic subspace in the full M=3 superspace is parametrized by the following 
coordinates: 

CA = {xf,e++,el,uf), (2.7) 

where 

xf = {-imT^xJ = x'^^ + z(^++"^— ^ + 0++^^—°). (2.8) 

It is instructive to rewrite the harmonic and Grassmann derivatives in the analytic coor- 
dinates, 

= go + 2g++° ^ - 2g— " ^ , ]=P°, (2.9) 

where d^^ = {j"^)ai3d/dx^. These derivatives satisfy the following relations: 

{D++,D^-} = 2zd^p, {DlD$} = -zd^p, {Z)^±,I)0} = o, (2.11) 
[V^^,D^^]=2Dl [P0,i^±±] = ±2i^±±, [V^^,Dl]=Dt^. (2.12) 
The analytic superfields are defined to be independent of the 9~~ variable 

D++^A = ^a = ^a{Ca). (2.13) 

We use the following conventions for the full and analytic integration measures, 

d^z = -^d^x{D++f{D--)\D^f, (2.14) 

dC^-"^^ = ^d'^XAdu{D—f{D'^)\ d!^zdu = -^dC^-^\D++)\ (2.15) 
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where (D"'"^)^ = and similarly for other objects. With such conventions, the 

superspace integration rules are most simple: 

J d\{e++f{e-)\eyf{x) = j d\f{x), (2.16) 

for some field /(x). 

We denote the special conjugation in the A/'=3 harmonic superspace by ~ 

(^) = u^\ (^) = xj, (e^) = et^, K) = el (2.17) 

It is squared to —1 on the harmonics and to 1 on and Grassmann coordinates. All 
bilinear combinations of the Grassmann coordinates are imaginary 

[K^l)] = -oi^e% [(o^?\ = -{e^^)\ W?] = -{oy. (2.18) 

The conjugation rules for the spinor and harmonic derivatives are 

(d^) = -Dl^, [(5o)2$] = -{D^f^, (25++$) = (2.19) 

where $ and $ are conjugated even superfields. When the supcrficlds arc matrix-like 
objects, # = [$^], the Hermitian conjugation assumes the ~ conjugation and transposition, 
e.g., [<I>^]t = ^ 

The analytic superspace measure is real, dC,^~'^^ = dC,^~'^\ while the full superspace 
measure is imaginary, d^z = —d^z. 

2.2 Chern-Simons and hypermultiplet actions in Af=3 harmonic superspace 
2.2.1 Chern-Simons action 

The J\f=3 supersymmetric gauge multiplet in three dimensions consists of a triplet of real 
scalar fields (/)(^^), one real vector Am, real SU(2)-singlet spinor A^, SU(2)-triplet spinor 
Xcf'^ and a triplet of auxiliary fields X^*^'). Altogether they constitute eight bosonic and 
eight fermionic off-shell degrees of freedom. All these components are embedded into an 
analytic gauge superfield which originally contains an infinite set of fields in its 9 and 
n-expansion. However, like in the J\f=2,d=4 case [42, 43], the gauge freedom with an 
analytic superfield parameter allows one to pass to the Wess-Zumino gauge which reveals 
the above finite irreducible field content of the J\f=3 gauge multiplet 

Vwz = He++?n^uicp'''{xA) + 2e++-e''^A^fs{xA) + 2{e^fe++"Xa{xA) 

+3ie++fe''"u,^u;xaixA) + 3i{e++f{eyu-^uix''\xA). (2.20) 

In the Abelian case the corresponding gauge transformation of the imaginary superfield 
V^^ reads 

5kV^+ = ~V++A, A = -A, (2.21) 
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The non-Abelian gauge superfield has the following infinitesimal transformation law 

dAV++ = -V++A - A]. (2.22) 

In what follows we shall be mainly interested in the gauge group U{N) in the fundamental 
representation and its adjoint. In this case, and A are antihermitian N x N matrices 

lf^B^ = -V++i, [Af] = -A^ A,B = 1,2,..., N. (2.23) 

The SU(A'^) case is singled out by the extra tracelessness condition 

V++i = A^ = . (2.24) 

Using V'^'^, one can construct either the Yang-Mills or Chern-Simons actions in the 
Af=3 superspace [40, 41]. The non-Abelian Chern-Simons superfield action is 

47r ^ n 7 («+nJ) . . . (u+u+) 

where k is the Chern-Simons level. Note that this action is formally analogous to the 
superfield action of the J\f=2,d=4 Yang- Mills theory [46], although the full integration 
measure is d^xd^O in the latter case. The action (2.25) can be checked to be invariant 
under the gauge transformation (2.22). 

For what follows it will be necessary to know a general variation of the Chern-Simons 
action (2.25) 

dScs = -^tr / d^zdudV++V— . (2.26) 
Att J 

Here V is the non-analytic gauge superfield which is related to V'^'^ by the harmonic 
zero-curvature equation [43, 46] 

X>++V— - + [F++, V—] = (2.27) 

and is transformed under the gauge group as 

6aV— = -V—A - [V—,A] . (2.28) 

The solution of (2.27) is represented by the following series 

V iz,u)=^yi) Jdu,...du. iu-^ut)(ntnt)...(nU^) " ^''''^ 



n=l 



The superfield V can be used to define the superfield strength [41], 

W++ = -^L>++"D++y~, V++W++ + [V++, = 0. (2.30) 

By construction, is analytic and gauge covariant, SaW~^~^ = [A, 14^++]. Note that 

VF"'""'" is hermitian in contrast to the gauge superfield V'^'^, (PF^"*")^ = VF"'""'". In terms of 
the variation (2.26) of the Chern-Simons action can be written as 

SScs = -^tr [ dC^-'^^SV++W++ . (2.31) 
47r J 
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The classical equation of motion in the pure super Chern-Simons model is W^^ = 0, 
which implies the superfields to be pure gauge. The topological character of the J\f=3 
gauge multiplet with the Chern-Simons action (2.25) can also be seen directly from the 
component structure of this action ^: 



-^A-^dZAp,-U-^[AZ,A^^]). (2.32) 

Using d=3 7-matrices one can convert the vector part of the action (2.32) to the standard 
form s"^^^ (^AjjidfiAp ^AjnAjiAp^ . 

As for the jV=3, c?=3 super Yang-Mills action, it is concisely written as the following 
integral over the analytic superspace 

SsYM = -\tv f dC^-'^ {W^^f , [9] = 1/2 . (2.33) 

It should be compared with the J\f=2, d=4 SYM action in the harmonic superspace which 
is represented either by the action of the type (2.25) or as an integral of the square of 
the relevant chiral (ant-chiral) superfield strength over the chiral (anti-chiral) J\f=2, d=4 
superspace [42, 43]. 

2.2.2 Hypermultiplet action 

Like in the J\f=2, d=A case [42, 43], the J\f=3,d=3 hypermultiplet is described by an 
analytic harmonic superfield q'^{C) with the following free action 

Sq= f dQ^-^'>q+V++q+ , q+ = ^,^ = -q+. (2.34) 



The physical fields of J\f=3, d=3 hypermultiplet are SU(2) doublets f and -0^ . After 
elimination of an infinite tower of auxiliary fields by their equations of motion (they all 
vanish on shell) the physical fields appear in the component expansion of the analytic 
superfield and its conjugated as 

t = -utf + {e+^'^ur - ^°"u+)vi^ + 2i{e+^"e^^)d^pfu- . (2.35) 

All component fields are defined on the d=3 Minkowski space . With the auxiliary fields 
being eliminated, the superfield action (2.34) yields the following action for the physical 
fields: 

Sphys = -J d^UiUf + \i>?dapi;'f). (2.36) 

Note that the presence of an infinite number of the auxiliary fields is an unavoidable feature 
of the formulation of the d=3 hypermultiplets with off-shell M=3 supersymmetry, in a full 
similarity to off-shell J\f=2, d=4 hypermultiplets. 

''The component structure of the JV=3 Chern-Simons action with the matter couplings added was given 
in [47]. 
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When the superfield g"*" is placed in some representation of the gauge group, 

5q+ = Aq+ , (2.37) 
its minimal coupling to the gauge superfield V'^'^ is given by 

5= /"dC(-^)g+(P++ + y++)g+. (2.38) 



At the moment we do not specify neither gauge group nor representation of the latter on 
the specific cases we shall consider in the next sections correspond to some detailing 
of the general gauged action (2.38). 

2.3 Af=3 superconformal transformations 

It is easy to construct the odd part of the M=3 superconformal transformations of the 
coordinates of the initial J\f=S superspace: 

^scOti = eti + \x''^VkW - ^^"n^Z/< + (2-39) 

where e^^ and r/^^ are parameters of Q and S supersymmetries. All even superconformal 
transformations are contained in the Lie brackets of these odd transformations. The full 
measure d^xd^O is invariant under the A/^=3 superconformal group. 

The superconformal transformations of the harmonics can be defined by analogy with 
the M=2,d=A case [43], 

Sscul = A++Uj^, 5scul = , (2.40) 

where 

Here k^p and lo^^ are parameters of the special conformal and SU(2)c transformations. The 
transformations of the analytic A/'=3 coordinates under the S supersymmetry and SU(2)c 
symmetry are 

<5.c^++" = Ixfututv'f + ^ry^-K-VC^""^)' - uUtie^f] + 2u''u^ute-^^\ (2.42) 
The transformations of the harmonic derivatives have the form 

5scV^+ = -A++P°, 5sc'D— = -(P~A++)P— . (2.43) 
It is easy to find the superconformal transformation of the analytic integration measure 

= -2XdC^-^\ V++X = A++ . (2.44) 
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A = -^rf - l^fko^P + - + u-lui^'\ (2.45) 

d being the scale transformation parameter. 

The AA=3 Chern-Simons action (2.25) and the minimal y++ interaction (2.38) are 
invariant under the A/'=3 superconformal group realized on the basic superfields as 

5scV^^ = 0, 5scq^ = Xq+. (2.46) 

The J\f=3, d=3 action (2.33) is obviously not superconformal because of the presence of 
dimensionful coupling constant. 

For the future use, it is worthwhile to point out that the requirement of superconformal 
invariance forbids any self-interaction of the hypermultiplcts off shell: their only supercon- 
formal off-shell actions are the free q'^ action (2.34) and its minimal gauge covariantization 
(2.38) ^ 



3. The ABJM model in J\f—3 harmonic superspace 
3.1 Free hypermultiplets 

It is well known that the component content of the Af=6 supersymmetric model is given by 
four complex scalar fields and four complex spinor fields. In the J\f=3 superfield formalism, 
these degrees of freedom can be described by two hypermultiplet superfields g"*"" = e"^q^ , 
a, 6 = 1, 2, and their conjugate = (g+") , {q^) = —q^^ , with the action 

Sfree = j dC^-'^^qtV++q+'' . (3.1) 

This action is manifestly invariant under the extra SU(2)ea;t group acting on the doublet 
indices a and commuting with the Af=S supersymmetry. It also exhibits an extra U(l) 
symmetry realized as a common phase transformation of g"*"": 

q+-' = e^-q+\ g-+' = 5+ . (3.2) 

3.1.1 Extra supersymmetry 

The additional (hidden) supersymmetry transformations of the J\f=3 superfields are defined 
through the spinor derivative preserving the Grassmann analyticity: 

,5,g+'^ = z€""''D0g+ = -(U), 5^9^ = = (S?^) , (3.3) 

where e^^ = e^" is a real spinor parameter, triplet of the extra SU(2) group, (e^^) = e^ab- 
Note the conjugation rule 



®This uniqueness of superconformal g"*" action can be understood also on the dimensionality grounds: 

the analytic superspace integration measure has dimension —1 (in mass units) while [q'^] = 1/2; so the 
action without dimensionful parameters can be at most bilinear in superfields. 
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The free hypermultiplet action (3.1) is easily checked to be invariant under these transfor- 
mations 

5,Sfree = ^ / dC^-^^ e^^' Dliq+V++ q+) = 0. (3.4) 

To show that (3.3) indeed generate supersymmetry, we compute the commutator of two 
transformations (3.3) with the spinor parameters e"^ and 

= l^^t^'^"'^^(S<l^'' - l^''Kef{D')\t. (3.5) 

The last term in (3.5) vanishes on shell, D^^q^ = {D^)'^q^ =0. As a result, the 
commutator of two transformations (3.3) generates the x-translations of hypermultiplets 
with the bosonic parameter l^-^e'^^^^ and, hence, (3.3) do form three supersymmetries on 
shell. These three additional supersymmetry transformations, together with three explicit 
^^=3 ones, constitute the J\f=6 invariance of the free hypermultiplet action (3.1). Note that 
the Lie bracket of the implicit and explicit supersymmetry transformations is vanishing as 
a consequence of the anticommutativity of 1)° and the J\f=3 supersymmetry generators. 

3.1.2 SO(6) R-symmetry 

The free action of two hypermultiplet superfields also exhibits an invariance under the full 
automorphism group SO (6) of the J\f=6 superalgebra. 

The action (3.1) is explicitly invariant only under the group 811(2)^^ x SU(2)ea:t, where 
SU(2)r is the group of internal automorphisms of J\f=3 harmonic superspace while SU(2)e-rt 
is realized on the index a in this action. Therefore, to show the invariance of the action 
under the full S0(6) R-symmetry group we need to specify the remaining transforma- 
tions from the coset SO(6)/[SU(2)ij x SU(2)ea;t]- This coset is parametrized by nine real 
parameters, 

Afe-)(«f), (XMP)) = A(,,)(„,). (3.6) 

The linear realization of these transformations on the physical scalar fields can be 
chosen as 

SO that p°'fia is the full S0(6) invariant. These physical scalars appear in the lowest order 
of the component expansion of the hypermultiplets, g"*"" = P"" + . . q^ = —uffl -|- . . .. 
Therefore there should be a generalization of the transformations (3.7) for the hypermul- 
tiplet superfields. 

This generalization is unambiguously determined by requiring the variation 6xq'^ to 
have the same harmonic U(l) charge -|-1 as q'^ itself and to be analytic. We project the 
parameters A^*-'^^"^) on the harmonic variables. 
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and define the hidden S0(6) transformation of the hypermultiplet superfields as 

5^q+<^ = -i[A°(«^) - A++(«^)P— - 2A— («^)^++"r>° + 4A°('^^)^°'*L»°]9+, 
SxqI = - Afi)^" - 2A^J)^++'^Z^° + A\l,f^Dl]t'. (3.9) 

Here T) is a modification of the harmonic derivative T) such that T> preserves 
analyticity, 

p-=p- + 20— L>o =^-- + 2^0"^^, [Dt^,V-]=Q. (3.10) 

One can easily check that under the superfield transformations (3.9) the lowest bosonic 
components of the hypermultiplet superfields transform as is (3.7) while the transformations 
of the auxiliary fields coming from the harmonic expansions are not essential here since 

these fields vanish on shell. 

With the help of the following identity 

X»++(5a9+" = -^[A°("^) - A++("^)X>— - 2A— ("^)0++°^r>° + 4A°("^)0°"r>°]X»++g+, (3.11) 

we compute the variation of the action (3.1), 

(3.12) 

The last term in (3.12) is a total derivative, while after integration by parts the second 
term cancels the first one. Thus the free hypermultiplet action (3.1) is invariant under 
(3.9), 

5xSfree = 0. (3.13) 

Due to the presence of explicit 9s in the transformation (3.9), it does not commute with 
the manifest J\f=3 supersymmetry. It is easy to show that, modulo equations of motion for 
q'^"', this commutator yields just the hidden J\f=3 supersymmetry (3.3). We shall discuss 
this closure in more detail later on, in the non-trivial interaction cases. It is worth noting 
that the closure of the hidden S0(6) transformations (3.9) (and their generalization to the 
interaction case) contains SU(2)ea;t and just the superconformal R-symmetry group SU(2)c 
defined in (2.42). The latter becomes indistinguishable from the standard SU(2)i^ only 
after elimination of the hypermultiplet auxiliary fields by their equations of motion, i.e. on 
shell. Note also that the U(l) symmetry (3.2) commutes with both hidden and manifest 
M=S supersymmetries (as well as with the extra S0(6) transformations). 

In fact, the symmetry of the action (3.1) is even wider than A^=6 supersymmetry 
plus S0(6) R-symmetry: it is the maximal J\f=8 on-shell supersymmetry together with its 
automorphism symmetry SO (8). We postpone discussion of these additional symmetries 
until Sect. 5, where they will be considered at the full interaction level. The off-shell 
superconformal A/'=3 invariance of (3.1) taken together with its on-shell S0(8) R-symmetry 
and Af=8 supersymmetry imply that the free action of two d=3 hypermultiplets on shell 
(i.e. modulo algebraic equations of motion for the auxiliary fields) respects the maximal 
J\f=8, d=3 superconformal symmetry. 
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3.2 The U(l) x U(l) theory 

As the next step, we consider the U(l) x U(l) gauge theory. This simplest example with 
interaction will be used to further explain the basic ideas of our construction. 

3.2.1 Actions 

Now we have two Abelian gauge superfields V^'^ and V^'^ corresponding to the two U(l) 
gauge groups. In accord with the proposal of [5], the gauge action for these superfields 
should be a difference of two Chern-Simons actions (2.25). In the Abelian case, such action 
is very simple: 

Sgauge = Scs[Vt-^]-Scs[V^^] 

= [ d^zdu,du2 [V++{z,ui)V++{z,U2) - V++iz,u,)V++{z,U2)] 

= -| / ^C(-^) {Vt-'W^^ - V^^W^-') , (3.14) 

where we used the relation (2.15) and the definition (2.30). The gauge invariant general- 
ization of the hypermultiplet action (3.1) is 

Shyp = J d(:^-^)q^{V++ + y++ - y++)g+« = j d(:^-^)qtV++q+\ (3.15) 

Note that the gauge covariant harmonic derivative V^~^ = V'^'^ + V^~^ — V^~^ depends 
only on the difference of two gauge superfields, but not on their sum (cf. the correspond- 
ing covariant space-time derivatives given in [5, 6]). So it is useful to define new gauge 
superfields, 

y^^ + y^'' = y"'''^ v^-+-f++ = ^++, (3.16) 

in terms of which (3.14) and (3.15) are rewritten as 

W = -| / dC^-^^ V^^W^^^ = -| / dC(-) A^^wp^ , (3.17) 

Shyp = j dC(-^^q^iV++ + A++)g+'^ . (3.18) 

The action (3.18) is invariant under the following gauge transformations 

= e^g+'^ , q^' = e-^g+ , A++' = A++ - P++A , A = A^ - A^ . (3.19) 

The rest of the gauge group U(l) x U(l), with the gauge parameter A = A^, -|- A^, acts 
only on and does not affect hypermultiplets at all. 

In the considered case, the general variation formula (2.31) is written as 
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It is also instructive to present the full set of superfield equations for the U(l) x U(l) case: 
(a) V++g+" = V++^" = 0; (b) W++ = W++ = -i-^q^q+'' . (3.21) 

The U(l) X U(l) Chern-Simons and hypermultiplet actions are invariant under the 
P-parity transformation 

PD^^++ = {litDy+, P{D^'++f = -{D^'++f. (3.22) 
The parity of the superfields can be chosen as follows 

Pg+«(Cp) = t'iO, Pq^iCp) = qtiO- (3.23) 
3.2.2 M=6 supersymmetry 

Now we are going to prove that the sum of the gauge and matter actions (3.14), (3.15), 

Sj\f=6 — Sgauge + Sjiyp , (3.24) 

possesses the M=6 supersymmetry. To this end, as the first step, we generalize the trans- 
formations (3.3), 

SeOt = - 0--{Wt+ - W^+)]t'. (3.25) 

Here is a gauge-covariant generalization of the spinor derivative . It acts on the 
hypermultiplets according to 

^Ut = {Dl + VL - VLkt, V°g-+» = (i?° - + V^Jt"". (3.26) 

The gauge potentials V^^„ are expressed through as V^'^^, = ~^P'i~^VLjii where 
V£ = V£ {Vl^) and = ^j^~(V^j^"'') appear as the solutions of the Abelian version 
of zero-curvature equation (2.27). In contrast to the flat spinor derivative the gauge- 
covariant derivative V° does not preserve the analyticity, 

[^r, V^] = -^e,f,{D++f{Vr - Vr) = eap{W^^ - W++). (3.27) 

However, one can check that the expression V° -|- Oa~{W^'^ — W^'^) entering the trans- 
formations (3.25) does preserve analyticity, 

+ e^-iW++ - W++)] = . (3.28) 

Now we compute the variation of the hypermultiplet action (3.15) with respect to the 
transformation (3.25), 

SeSnyp = i I dC'--'^[e^'^''Dl{q^V++q+) + 2e-^X{Wt+ ' W++)q^q+] 

= 2iJ dC^-'h^'^'eliW++ - W++)q^q+. (3.29) 
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The non-vanishing expression in the second hne of (3.29) can be compensated by the 
following transformation of the gauge superfields, 

^Vl^ = SV^+ = ^e^-XQ^q+. (3.30) 
Indeed, applying the formula (3.20) for the variation of the Chern-Simons action, we find 

SeSgauge = -2i J dC^-'h" ^^Q^ - (3.31) 

which exactly cancels (3.29). Note that the gauge superfield A^'^ = — ^^'^ ^ which 
appears in the hypermultiplet action (3.18), is inert under the transformations (3.30), 
Sf^A^^ = . Thus we conclude that the total action (3.24) is invariant under the three 
extra supcrsymmetry transformations realized on the involved J\f=3 superfields by the rules 
(3.25), (3.30). 

The last issue is to show that the commutator of two consequent transformations (3.25) 
generates on shell ^"^-translations of the superfields, 

= '"^c.m-"' - f^'^^l^W'lt ■ (3.32) 

Here Vq,/? is a gauge covariant d=3 vector derivative which generates the "covariant" trans- 
lations with the bosonic parameter Mb"^'^'*^'^ ^ sum of ordinary x-translation and a 
field-dependent U(l) gauge transformation). The last term in (3.32) vanishes on shell. To 
show this, we first note that, by analyzing the harmonic differential equations, one can 
prove (see [43] for the details) 

V++g+ = V--V— g+ = 0. (3.33) 

Next, using the analyticity of q'^ we have 

= D++"D++V-V-qt = -8[{W++ - W++)V- + {W^ - W°) - V°"VO]g+, (3.34) 

where = W^'^. Now we exploit the equations of motion for the gauge super- 

fields, (3.21b), to deduce their corollaries 

W++ - = 0, Wl-W^ = 0. (3.35) 

Then (3.34) implies 

V°"V°g^ = 0. (3.36) 

This completes the proof that on shell the commutator (3.32) of two extra Af=3 supcrsym- 
metry transformations (3.25) yields, modulo a field-dependent gauge transformation, the 
ordinary d=S translation. 

The U(l) X U(l) model also respects the appropriate generalization of the free case 
S0(6) R-symmetry (3.9). We shall postpone discussion of this symmetry until considering 
the gauge group U(A^) x U(M) in the next Subsection. The U(l) x U(l) example follows 
from this more general case via an obvious reduction. 



-14- 



3.3 The V{N) x U(M) theory 

The crucial idea in constructing the J\f=Q supersymmetric gauge theory in [5] was to 
consider the matter fields in the bifundamcntal representation of the U(A^) x U(A^) gauge 
group, the product of the fundamental representation of the left U(A^) and the conjugated 
fundamental representation of the right U(A'^). Actually, one can consider the more general 
case of the gauge group U(A^) x U(M) , N (see, e.g., [16, 28, 29, 30]): 

(iV,M): (g+'^)f, {N,M): (3.37) 

where A = 1, . . . ,N and S = 1, . . . , M . Hereafter, the underlined indices refer to the right 
U(M) gauge group. Yet admissible is another type of the bifundamental representation, 
the product of two fundamental representations [30] : 

{N,M): {q+^AB, {N,M)-- (9+)^-- (3-38) 

In this Subsection wc shall focus on the case (3.37) as the standard and most instructive 
one. The case (3.38) as well as some other options admitting hidden super symmetries will 
be shortly addressed in the Section 4. 

The gauge superfields for the groups U(A'') and U(M) are given by the antihermitian 
matrices (V^^)^ and (V^"*")^- The gauge interaction of the hypermultiplets with the 
gauge superfields in the (N, M)-model under consideration reads 

(V++g+«)f = P++(g+«)f + (F++)5(g+«)f - (g+")i(F++)f , 

(V++g-^ )i = V^^q^)i - {q^)l{Vr)i + {Vr)k^:)A ■ (3.39) 

The matrix form of the {N, M) harmonic derivative is 

g-+ = {q+n^. (3.40) 

The superfield V"'""'"^"'"" transforms covariantly under the following infinitesimal gauge 
transformations 

5q+'' = Aig+'^ - q+^AR, 5qt = ARq+ - A^, 

= ~V++Al - [V++,Al], = -V++Ar - [V++,Ar]. (3.41) 

The analytic gauge parameters A^, and Ar are antihermitian matrices, aJ^ = — A^, aJj = 
—Ar. The hermitian conjugation for the other superfields is defined as 

(9+")^ = (9-^)^ = -^+", (y++)^ = -V++, (y++)t = -y++. (3.42) 

After fixing the notations, we turn to the actions. We write down the non-Abelian 
M=6 supersymmetric action as a direct generalization of the U(l) x U(l) actions (3.24), 
(3.14), (3.15): 

Sm=6 = Sgauge + Shyp, (3.43) 
Sgauge = Scs[Vt^] ' Scs[V++], (3.44) 

Shyp = tr y ciC(-')g+V++g+", (3.45) 
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where the Chern-Simons action 5'c5[y'''^] is given by (2.25). The analytic superfield 
equations of motion corresponding to (3.43) read 

(V++g+«)| = (V++g+«)| = , (3.46) 

{Wrn = -if {W^^)l = -^f • (3.47) 

3.3.1 J\f=6 supersymmetry 

We claim that the action (3.43) is invariant under the following three extra supersymmetry 
transformations: 

SeVt^ = fe- , 5^y^^ = ^""'Kta^lt , (3.48) 



where 



yl<lt = Kit + ^a"(W^r «6 - ^6 ^fl ) ' (3.49) 

and V°g+^V° q'^^ arc obtained via the conjugation. The modified gauge-covariant 
derivative preserves the ^^=3 analyticity as opposed to . 

The variation of the hypermultiplet action (3.45) under the transformations (3.48) is 

5,Sny, = 2itv I dC^-'h-('^''^9l{W^+qtqt -W++qtqt) 

+ ^tr J dC^-"h"^^'^ei[qiq+q+^q^ + q^q+q+^qt]. (3.50) 
Using a simple Fierz rearrangement, one can check that 



tr 



0, (3.51) 



so the variation (3.50) is reduced to 

5,Shy, = 2itr I dC^-'h-'^XiWtUiqt ' ^^^^"^^t!")- (3-52) 
This expression is exactly canceled by the variation of the Chern-Simons term (3.44), 

SeSgauge = -2itr J dC^-^h"'^'9l{W++qUt " W^+qUt)- (3.53) 

As a result, we proved that the total action (3.43) is invariant under the J\f=3 supersym- 
metry transformations (3.48), 

(5gSV=6 = ^e{S gauge + Shyper) = 0. (3.54) 

Together with the manifest M=3 supcrsymmctrics of the A/'=3 superspace, the transfor- 
mations (3.48) form Af=6 supersymmetry. Therefore we conclude that the action (3.43) 
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provides the formulation of the (N, M) J\f=Q Chern-Simons model in the M=3 harmonic 
superspace. Like in the U(l) x U(l) model, the extra hidden J\f=S supersymmetry, as op- 
posed to the manifest J\f=3 one, has the correct closure on d=3 translations only modulo 
the superfield equations of motion (3.46), (3.47) and a field-dependent gauge transforma- 
tion, i.e. it is essentially on-shell. 

3.3.2 SO(6) R-symmetry 

A natural generalization of the transformations (3.9) to the U(A'") x U(M) case is 

5^q+'' = -z[A°('^^) - X++iab)^— _ 2A— (««')0++«V° + 4A°(«^)^°°V°]g+, 
SxQ^ = - A++ V- - 2A-- ^++"V^ + 4Xl,^e'-Vl]t\ (3.55) 

where V and are gauge-covariant analyticity-preserving derivatives: 

V^ = V°+0--W++, {DJ+,V^} = 0, 

= + 2^"— V° + ie--)^W++, [D++, V~] = 0. (3.56) 

The variation of the hypermultiplet action (3.45) under (3.55) is 

SxShyp = itr y dC(-^)«(„6)g+'^(M/++g+^ - q+''W++), (3.57) 

where 

'^iab) = 4A^J)(0°^++) - 8X1,^(9^. (3.58) 
Here we have used the following identities 

[V++, V°]g„+ = 2e',{W++qt - qtW++), [V++, V--]g+ = (1 + 4e°"V° )g+. (3.59) 

To cancel the variation (3.57) we have to make the following transformation of the gauge 
superfields 

SxVl'' = f^'^'QUt^ S,V++ = fn-'q+qt, (3.60) 
under which the Chern-Simons action (3.44) varies as 

SxS„ = -i^^ J dQ^-^^K^\qtqtWl+ - q^qtW^+). (3.61) 

The variations (3.60) performed in the hypermultiplet action produce quartic q'^ terms 
which cancel each other as a consequence of the same identity (3.51) as in the case of 
hidden A^=3 supersymmetry. 

As a result, we proved that the action (3.43) is invariant under the transformations 
(3.55), 

6xSu=^ = 0, (3.62) 
and, therefore, respects the SO (6) R-symmetry group. 
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It is interesting to calculate the Lie bracket of the SO(6)/SO(4) transformations with 
the manifest J\f = 3 supersymmetry. In the analytic basis, the latter is realized by the 
following differential operator 

= + ^^(^'%^) + ^ + - ^^f^^^^a) . (3.63) 

Then 



where 



and 



_^/-(af) _ , (3.65) 

f—{ab) ^ 2A— - 4A°(«^) (e-'^^a) • (3.67) 



The bracket for (V^^);^ has a form quite analogous to (3.64). 

First terms in (3.64), (3.65) are just the transformations of the hidden J\f = 3 super- 
symmetry which extends the manifest one to A/" = 6 . The remaining terms are reduced on 
shell to a field- dependent gauge transformation. Indeed, with making use of the equations 
of motion (3.46), (3.47) these "superfluous" terms in the bracket transformations of Vj^"*", 
y^"*" and g"*"" can be represented, respectively, as 

-(V++A)^, -(V++A)i A2(g+«)§-Af(g+«)f, (3.68) 



where 



A 



f := -f f^, i<l^ni{trc, Af := -f i'l^l§it%. (3.69) 



Thus, the transformations of hidden supersymmetries can be equivalently derived as 
an essential part of the Lie bracket of the explicit J\f=3 supersymmetry with the hidden 
internal automorphisms transformations (i.e. the part which retains on shell and is not 
reduced to a gauge transformation). 

3.4 Scalar potential 

One of the basic features of the ABJM model is the sextic potential of the scalar fields. In [5] 
it was presented in the manifestly SU(4) invariant form. Following the ABJM terminology, 
there are four complex scalars, two of which, Ai and A2 , are in the bifundamental repre- 
sentation while the other two, Bi and B2 , are in the anti-bifundamental representation. 
These scalars are combined into the SU(4) spinors ("quark" and "anti-quark"): 

Cj = iAi,A2,BlBl), Ct^ = (4,4,i?i,S2). (3.70) 



-18- 



In terms of these quantities the scalar potential is written as 

V^ABJM) = ^tr (^-ti {CiC^' C jC^' CkC'^'' + ^CiC^'CjC^''CkC'^' 

-2CiC^^CjC'^^CkC'^^ + ^CiC'^^CjC^^CkC^^^ . (3.71) 

In our 7V=3 harmonic superspacc formulation of the ABJM model the action (3.43) 
contains no explicit superfield potential, it involves only minimal gauge interactions of the 
hypermultiplets with the gauge superfields. As was already mentioned, such a form of the 
action is uniquely prescribed by A/^=3 superconformal invariance. 

Here we demonstrate that the scalar potential (3.71) naturally stems from the super- 
field action (3.43) as a result of elimination of auxiliary fields. 

Upon reducing the action (3.43) to the component form, the contributions to the scalar 
potential come from both the hypermultiplet and Chern-Simons actions (3.44), (3.45). To 
derive the scalar potential, we take in the Wess-Zumino gauge (2.20) and discard there 
gauge fields and all fermionic fields. Further, based on the dimensionality reasoning, we 
single out those auxiliary bosonic fields in the hypermultiplet superfields which are relevant 
to forming the on-shell scalar potential. As a result we find that it suffices to leave only 
the following component fields: 

g+« = u+f + {e^g'^uf + (0++0°)/i^X" + . . . , 

9-a+ = -uffa + {Oy9>t + iO^^0')h>- + .... (3.72) 

Now, using the component structure of the Chern-Simons action (2.32) we can explicitly 
write down those terms in the action (3.44) which are responsible for the scalar potential, 

5„ = -^tr J d'x{cl>f,[rLrn,^L]-mrRrn,'pRn]) + ^tl J d3^(</.^/Xi,,-</>^^Xffi,) + . . . . 

(3.73) 

To find the component structure of the appropriate part of the hypermultiplet action 
we eliminate the auxiliary fields 5*", /i*" from the equation of motion V"'""'"^"'"" = 0, 

and substitute the component expansions (3.72) into the hypermultiplet action (3.45). 
After integration over the Grassmann and harmonic variables we obtain 

s,„ = / + + n.^.,.f'^i - u.f'^n,.4^k 

-'h .-^i /j + '/i ./j -^g + ■ ■ -I ■ (3.75) 

The auxiliary fields Xl^r appear in the action Sgauge + Shyp as Lagrange multipliers for 
the relations 

^1 = -l-irfa + ffa), = —rirfa + f^fa)- (3-76) 
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As the final step, we substitute these expressions for the auxihary fields back into the 
actions (3.73), (3.75) and, after some simple algebra, obtain the scalar potential in the 
following form 



^scalar — ^j^2 fka if'' ^ fi b + fifb ) if^ "^fj c "I" fjfc) 

+rfka{P'hb + flH){f'"'fjc + fjf^)} 

47^2 _ _ 



The potential (3.77) looks rather complicated and its identity with (3.71) is not imme- 
diately obvious. To show the coincidence of these two expressions, we pass to the ABJM 
notations (3.70) by identifying 



Substituting (3.78) into (3.77) and making appropriate Fierz rearrangements, after some 
tedious computation we end up with the desired identity 



Thus we have explicitly shown that the scalar potential derived from the superfield 
action (3.43) is just the potential found by ABJM [5]. We point out once more that in our 
M=S superfield formulation the scalar potential emerges solely as a result of elimination of 
auxiliary fields, without any presupposed superfield potential. The other interaction terms 
in the ABJM model (e.g., the quartic interaction of two scalars with two fermions, etc) 
originate from (3.43) in a similar way. 

4. Other options 

Here we discuss some other choices of the gauge group and/or of the representation 
of the hypermultiplet superfields admitting additional hidden supersymmetries and R- 
symmetries. 

4.1 The iN,M) model 

The J\f=6 supersymmetry and S0(6) R-symmetry in the (N, M) model corresponding to 
the choice (3.38) can be proved following the same line as in the case of {N, M) model. 
The hypermultiplet action is 



r = {f\f^f\f') = iA,,A2,BlBl) = Ci, 

fia = (/ll,/l2,/21,/22) = {AIaIB,,B2)=C^'. 



(3.78) 



Vscalar — V{ABJM) ■ 



(3.79) 




(4.1) 
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where 

(V++9+")aA = V++{q+<^)AA + {V++)l{q+'^)BA + (T^^++)f • (4.2) 

The additional three supersymmetry transformations are 

U^t^AA = ze(»^)«V° (g+)AA , (4.3) 

^e(F/+)^ = T^'^^^'^^M^^Biq^^''-^ ^e(F«++)f = e^„,)^°(c/+")BA(^-+^)^^(4.4) 
where now 

VM)aa = Dl{qt)AA + [«)^ + 9--{Wt^)i]{qt)BA 

+ [«)f + o-.-{w^^)l]{qt)AB} . (4.5) 

The transformations of the hidden SO(6)/[SU(2)/j x SU(2)ext] R-symmetry mimic eqs. 
(3.55)-(3.60), the only difference consists in that the variation ^\V^^ has the opposite 
sign as compared to ^\V^^ , like in (4.4). The invariancc of the total gauge-hypcrmultiplet 
action is checked as in the previously considered (iV, M) model. The cancelation of the 
quartic terms in the full variations of the hypermultiplet action is a consequence of the 
identity similar to (3.51). 

4.2 SU(A^) X SU(iV) model 

Let us come back to the hypermultiplet superfield (iV, M) model (3.37), choose there N = 
M and restrict the gauge group to be SU(A^) x SU(A^). The hidden A/'=6 supersymmetry 
transformations (3.48), as well as the S0(6) transformations (3.60), should be slightly 
modified in this case in order to obey the tracelessness restrictions of the gauge group. In 
particular, eqs. (3.48) change as 

SeV^^ = ^-^e-^^'K - ^trg+g^) (4-6) 

(equations of motion for V^'^,V^'^ (3.47) undergo a similar modification). Analogous 

tracelessness conditions should be imposed on the hidden J\f=6 supersymmetry and S0(6) 
R-symmetry transformations of the (A'^, M) model (3.38) restricted to N = M and to the 
gauge group SU(iV) x SU(A). 

In both cases the total gauge - hypermultiplet actions remain invariant because the 
unwanted quartic terms in the variations of the hypermultiplet actions induced by ^V^^'^ 
and 5V^~^ vanish as in the original U(A) x U(M) settings. Note that the restriction of 
two U(l) factors in U(A) x U(M) to the diagonal U(l) does not break the hidden A^=6 
supersymmetry and S0(6) R-symmetry for both the {N,M) and (N,M) models since 
the trace parts in the variations (3.48), (3.60) and (4.4) coincide and cancel each other 
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in the appropriate variations of the hypermultiplet action. As a result, the gauge group 
SU(A'^) X SU(M) X U(l) is the admissible option for the existence of A/'=6 super symmetry 
and S0(6) R-symmetry, in agreement with the conclusion made in [28]. On the contrary, 
when restricting the gauge group to SU(A/") x SU(M), N ^ M, there survive quartic terms 
~ {1/N — 1/M) in these variations and there is no way to cancel them. Thus for the 
gauge group SU(A^) x SU(M) both models have neither hidden supersymmetry nor hidden 
R-symmetry. 

The {N, N) model for the gauge group SU(A'') x SU(A'') is invariant under the P-parity 
transformations 

PV++{Cp) = V++{0, PW++{Cp) = -W++, 

PiQ^niiCp) = (9-+")l(C). (4.7) 

The {N,N) model for the group SU(A^) x SU(A^) also respects P-parity which, on the 
hypermultiplets, is represented by the following transformations 

Piq+nABiCp) = (9+")ba(C) , P{qt)^^{Cp) = {q^fHO ■ (4-8) 
4.3 0(iV) X USp(2M) model 

At the component and Af=2 superfield level, this interesting option was proposed in [16, 
29, 30]. Here we treat it within the Af=3 harmonic superfield formalism. 
Let us consider the hypermultiplet matrix superfield 

(4.9) 

where ^4 = 1, . . . , is the vector index of the real SO (A) group and A = 1, . . . , 2M is the 
spinor index of the USp(2M) group which is defined as a subgroup in U(2M) such that it 
preserves the skew-symmetric metric 

nAB, n^ = -Jn^, ^ab^^ = 5^. (4.io) 

This metric, like in the SU(2) = USp(2) case, can be used to raise or lower the funda- 
mental representation indices A. The index a = 1,2 is treated as the global S0(2) one in 
this case. The corresponding ~ conjugation rules for hypermultiplets are 

[(^^] = ^7^(g+")f. (4.11) 

Taking into account the definitions (4.10), this pscudorcality condition is compatible with 
the property that the ~ conjugation for the superfields squares to —1^. The gauge- 
covariantized harmonic derivative is defined as 

{y^^)AB = -{y++)BA, j^^(f++)| = Oba(f++)|. (4.12) 

® Giving up the pseudoreality condition amounts to a non-minimal variant with two copies of the pseu- 

doreal g"*"". This enlargement of the field representation {l&NM real physical scalar as compared to 8NM 
in the case with the pseudoreality condition) does not introduce any new feature. 
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This gauge group assignment of the hypermultiplet superfields is compatible with only 
two additional supersymmetry transformations 

5M-^^)i=e'^^^')vl{q+')i, (4.13) 

where 

ga(a6) ^ e«(^^)»& + e^(r3)"^ , (4.14) 

and €3 being real spinors (i.e. e°("^) is the rank 2 symmetric traceless S0(2) tensor), ri 
and Tz are Pauli matrices. The two additional transformations of the SO(Ar) x USp(2M) 
prepotentials have the form 

UV^AB = -f^6"(»'')(g+'^)f (g+'')BB, S,{V^+)f = -f^6"(»'')(,+«)f (g+'')BA. 

(4.15) 

The total SO(A^) x USp(2M) Chern-Simons-hypermultiplet action 

S = Scs{V++) - Scs{V++) + I dC(-'^ 9llV++g+"^ (4.16) 

is invariant under full 7V=5 supersymmetry involving the manifest off-shell J\f=3 super- 
symmetry and the above two additional on-shell ones. 

The action (4.16) is also invariant under the following hidden R-symmetry transfor- 
mation 

S^q+-^ = [A°(«^) - A++(«^)V— - 2A— («^)0++°V^ + 4A°(«^)^°"V°]g+'^ , (4.17) 

Sx{Vl^^)ab = ^^^^'\<1^1%^%B, Sx{V^^)i=^^^^'Hq^'^)%{q^%A, (4.18) 



where 



(ab) ^ 4;^— (a6) (0++«^O) _ 8A°("'') (e°)2 (4.19) 



and the S0(2) index [ab) refers to the rank 2 symmetric traceless S0(2) tensor. These trans- 
formations, modulo equations of motion for auxiliary fields and field- dependent gauge trans- 
formations, together with those of the groups SU(2)c and S0(2), form the 10-parameter 
S0(5) R-symmetry (3 parameters of SU(2)c plus 1 parameter of S0(2) plus 6 real parame- 
ters A^''^)^"''^ of (4.17), (4.18)). The commutator of (4.18) with the explicit J\f=3 supersym- 
metry (3.63) yields (once again, on-shell and up to a field-dependent gauge transformation) 
just the hidden Af=3 supersymmetry (4.13), (4.15). The reason why the parameters e"("'') 
and A'-*'^-'^'*''^ should be symmetric in the S0(2) indices a,b is the requirement that the 
variation of the hypermultiplet part of the action (4.16) with respect to (4.17) can be 
compensated, modulo a total derivative, by the appropriate variation of the Chern-Simons 
actions. The further restriction that these parameters are traceless in a, 6 arises as the 
condition of vanishing of the unwanted quartic terms in the full group variation of the 
hypermultiplet action. After the appropriate Fierz rearrangement, these terms (with the 
infinitesimal transformation parameters e"("'') or A^**^^*^"^^ detached) are gathered into the 
structure 

i^''QtAQl'D)i^"^''QB^-<lY-)- (4.20) 
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It is easy to check that the (ab) trace part of this expression is not vanishing and cannot 
be canceled with any modification of the (super)group transformations, while the traceless 
part is identically zero. So the transformation parameters should be symmetric traceless. 

There exist some other choices of the gauge groups and/or the representation assign- 
ments of the hypermultiplct matter which seemingly admit extra supersymmetries and 
R-symmetries (see e.g. [30]). We are planning to discuss them elsewhere. The cancellation 
of the quartic terms in the variation of the M=3 superfield hypermultiplet action seems to 
be a simple powerful criterion for selecting all non-trivial possibilities. 

The component forms of the Chern-Simons - hypermultiplet superfield actions consid- 
ered in this Section, in particular, the corresponding sextic scalar potentials, can be derived 
in the same way as for the U(A'') x U(M) model in Subsection 3.4. 



5. Models with J\f—8 supersymmetry 

As claimed in [5], in the case of SU(2) x SU(2) gauge group the ABJM model has an 
enhanced M=8 supersymmetry and coincides with the S0(4) BLG model [2, 3]. Here we 
show this using the J\f=3 superfield formalism. 

We start from the particular SU(2) x SU(2) case of the general \J{N) x U(M) action 
(3.43): 

Ssui2) = Scs[V^+] - Scs[V++] - I dC^-^kt^^V++q+l , (O = -Q^^ , (5.1) 

where we have written down the doublet indices of both gauge SU(2) groups on the same 
level, using the equivalency of the fundamental representation of SU(2) and its conjugate. 
In this notation, the covariant derivative V+^g^^ is written as 

V++g+2 = ^^^<lll + (VrfAltl + (Vi^^Mb ■ (5-2) 

Now we give up the notation in which SU(2)e^( symmetry acting on the index a is 
manifest and will treat the superfields qj^^ and gj^^ separately. Either these superfields, 
together with their ~ conjugates, can be combined into two independent pseudo-real dou- 
blets of two Pauli-Giirsey SU(2) groups [43]: 

SU(2)pG7: ql%:=iqll<ltAB)^ 
SU(2)PG//: cz+l := (ri|, g+AB) , S|) 
In this new notation the action (5.1) is rewritten as 

Ssui2) = Scs[V++] - Scs[V++] -\j dC^-^^ {Ci + Cn) , (5.4) 
= 4^-^'-^<ll% > = 9? ^^V++gl| . (5.5) 

The covariant derivative V^^ acts in the same way as in (5.2). 



-AB 



ir^- (5.3) 
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The rearranged action (5.4) manifests three mutuahy commuting off-sheh SU(2) sym- 
metry: two Pauh-Giirsey symmetries SU(2)pg'/ and S\J{2)pgij reahzed on the hypermul- 
tiplet doublet indices a and a, as well as the standard automorphism SU(2)i^ symmetry (or 
SU(2)c symmetry which is indistinguishable from SU(2)ii on physical fields). The original 
SU(2)ea;t symmetry is of course also there, but in the new formulation it is realized in some 
implicit way. The gauge group SU(2) x SU(2) commutes with all these symmetries. The 
possibility to pass to two independent pseudo-real hypermultiplet superficlds is directly re- 
lated to the fact that the original complex hypermultiplet superfields and their conjugates 
prove to be in the same bifundamental representation of SU(2) x SU(2) because of the 
equivalency of the fundamental representation and its conjugate in the SU(2) case. Just 
due to this property one can combine them into the SU(2)pc doublets as in (5.3). As 
we shall see soon, this possibility is crucial for the existence of the hidden J\f=8 super- 
symmetry and SO (8) R-symmetry in the SU(2) x SU(2) model. In the case of the gauge 
supergroup SU(A^) x S\J {N),N > 3, the hypermultiplets and their conjugates transform 
according to non-equivalent representations and therefore cannot be joined into S\J{2)pg 
doublets (neither for the {N,N) model nor for the {N,N) one). Correspondingly, their 
A/"=6 supersymmetry and SO (6) R-symmetry arc not further enhanced. The same is true 
for U(iV) X U(M) models including U(2) x U(2) and U(l) x U(l) ones. We shall see that 
there exists an extended version of the U(l) x U(l) model which still admits S\J{2)pc 
doublet structure (it involves 8 complex physical scalar fields instead of 4 such fields in 
the minimal U(l) x U(l) case). It is obtained as a reduction of the SU(2) x SU(2) model 
and also possesses M = 8 supersymmetry and SO (8) R-symmetry. The formulation in 
terms of two pseudo-real hypermultiplets exists as well in the more general case of gauge 
groups USp(2A^) x USp(2M) for which the bifundamental representation (2A^, 2M) is also 
equivalent to its complex conjugate due to the existence of the invariant skew-symmetric 
metrics. For generic values of and M, however, no hidden supersymmetries or full S0(8) 
R-symmetry arise in the USp(2A/") x USp(2M) models as we argue below. 

In revealing the hidden symmetries inherent in the action (5.4) we start with the 
R-symmetries. The most evident extra symmetry is realized by linear transformations 



<5a911 = A"Vaa, S^q+l = X^^qUA, d^V++ = SxV++ = , (5.6) 

where A"" are four real parameters. They commute with the manifest Af=S supersymmetry 
and close off shell on the product SU(2)pg7 x SU(2)pg77 = S0(4)pg. Together with the 
latter they generate S0(5) symmetry which is the maximal subsymmetry of the full R- 
symmetry group of the model under consideration which commutes with the manifest 
Af=3 supersymmetry. 

Two other sets of the hidden internal symmetries are represented by the transforma- 
tions of the form which we already met in the examples considered earlier. 
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The first set of additional transformations leaving the action (5.4) invariant is as follows 



where 



5^q\l = [l^o - a;++V— - 2a;— 0++"V° + AujH^''Vl]q\l ' 



<p = 4a;— (0++"^°) - 8a;°(^°)2 (5.8) 



and a;° = co^'^'^'^ufuj^ ,lu^^ = Lu^^'^^ufu^ . The cancelation of the quartic terms in the 
variation of the hypermultiplet action comes about under the two conditions of the same 
type 

(^Ai<5j^a^^- = 0, illUtBA^<lt''- = 0, (5.9) 

which are easily checked to be satisfied for the SU(2) case. These transformations in their 
on-shell closure yield the conformal R-symmctry group SU(2)c. Taken together with the 
SU(2)c transformations, they amount to two independent SU(2) rotations of the physical 
fields in q'^^ = /''^uj' + . . . and q^^ = P^u^ + . . . with respect to their harmonic indices i. 
The last set of hidden R-symmetry transformations is given by 

5aq\% = - C7++"^V— - 2(7— "^0++°V° + 4(7°"%°"V°] gf^^ , 
5^q+'l = -[(7°"^ - (7++«^V— - 2(7— "%++°V° + Aa^^^e^^'Vl] Q^aa ' 



with 



cp^^ = 4(7— "''(0++"eO) - Sa'^'^^e^y (5.11) 



and (7++"'' = a^'^'^^^'^ufu'^ , etc. The conditions of vanishing of the relevant quartic terms 
in the variation of hypermultiplet action are again (5.9). 

The total number of parameters of all R-symmetries of the action (5.4) is a sum of 
12 parameters of four commuting SU(2) symmetries including (5.7), of 4 parameters of 
the transformations (5.6) and of 12 parameters of the transformations (5.10), i.e. total of 
28 parameters, the dimension of the group S0(8). Indeed, one can check that all these 
R-symmetry transformations close modulo field-dependent gauge transformations and su- 
pcrficld equations of motion, and their closure is just the maximal R-symmetry group 
S0(8). 

Commuting (5.7) and (5.10) with the transformations of the manifest A/'=3 super- 
symmetry, we find 5 new hidden super symmetries, with the Lie bracket parameters oc 
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(**^)eQ,(jfe) and e'^ oc o-^^''^°'^ea(ik)- They are realized by the following transformations 

^elV^L Trie t^a) ^BA^aA " QBA^aA + ^a) Qa(A % 



^ \^ ""at yHBA'iaA 'iBA'iaA ) ^ ^ " a) Ha{^A% B)B' 

SeiV^^)AB = '-^{e-el){qiUti-<llM^ (5-12) 

Together with the manifest J\f=3 supersymmetry these five extra ones form the M=8 
super symmetry, with an on-shell closure. Since the action (5.4) is J\f=3 superconformal, it 

is also A/'=8 superconformal. 

We close this Section with two comments. 

First, the reason why the models with the USp(2A'') x USp(2M) gauge group have 
neither additional supersymmetries nor full SO (8) R-symmetry, despite their formal re- 
semblance to the SU(2) X SU(2) model, is that the conditions (5.9) are not satisfied in the 
generic > 1,M > 1 case. The choice of iV = M = 1 is the unique option when they 
are valid. Thus the only additional internal symmetry of the USp(2A^) x USp(2M) models 
(extending the manifest S0(4) one) is the SO(5)/SO(4) symmetry (5.6) commuting with 
the M=3 supersymmetry and not affecting the gauge superfields at all. 

Secondly, it is a consistent reduction to put 

(a) qt,^ = qti = qtl = Q^i = or (b) = qt^ = q+i = qtl = . (5.13) 

These conditions break the gauge group SU(2) x SU(2) down to its subgroup U(l) x U(l). 
Actually, two options in (5.13) are equivalent to each other and one can focus on (5.13a). 
In this case one is left with four independent hypermultiplets gj'2", q^i and g^^", q2i as com- 
pared with eight such hypermultiplets in the SU(2) x SU(2) case and two hypermultiplets 
in the minimal U(l) x U(l) case considered in Subsection 3.2. The numbers of real scalar 
fields in these models are, respectively, 16, 32 and 8. The doubling of hypermultiplets as 
compared to the minimal U(l) x U(l) case allows one to preserve the SU(2)pg multiplet 
structure and to retain all properties of the "parent" SU(2) x SU(2) model: the J\f=8 su- 
persymmetry and S0(8) R-symmetry. The corresponding transformations can be obtained 
from the above SU(2) x SU(2) ones by performing there the reduction (5.13a). Note that 
the opportunity to obtain the AA=8 supersymmetric U(l) x U(l) model through such a 
reduction of the ABJM SU(2) x SU(2) model was previously noticed in [30]. 

Finally, we would like to point out that it is still an open question whether any other 
gauge A/'=3 Chern-Simons-matter model with JV=8 supersymmetry can be explicitly con- 
structed. The A/'=3 harmonic formalism seems to be most appropriate for performing such 
an analysis, since within its framework the issue of existence of one or another hidden 
symmetry amounts to examining simple conditions under which unwanted quartic contri- 
butions to the full variation of the hypermultiplet parts of the total action are vanishing. 

6. Discussion 

In this paper we gave a new superfield formulation of the ABJM theory with gauge groups 
U(A^) X U(A^) and SU(A^) x SU(A^) as well as of some its generalizations, in the harmonic 
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A/"=3, d=3 superspace where three d=3 supersymmetries are manifest and off-shell. We 
found the J\f=3 superfield realization of the hidden M=6 supersymmetry and SO (6) R- 
symmetry of the ABJM theory and demonstrated how these symmetries are enhanced to 
M=8 and S0(8) in the BLG case of the gauge group SU(2) x SU(2). We also presented 
an example where J\f=Q supersymmetry and SO (6) R-symmetry are reduced to Af=b and 
SO (5), respectively. One of the salient features of the Af=3 formulation is that its superfield 
equations of motion are written solely in terms of analytic Af=3 superfields and have a 
surprisingly simple form, see (3.21), (3.46) and (3.47). Another nice property is that the 
invariant actions are always represented by the difference of the J\f=3 superfield Chern- 
Simons actions for the left and right gauge groups plus the actions of two hypermultiplets 
which sit in the bifundamental representation of the gauge group and arc minimally coupled 
to the gauge superfields. No explicit superfield potential is present in the action, as is 
dictated by the J\f=3 supcrconformal invariance. The famous scxtic scalar potential of the 
component formulation naturally emerges on shell as a result of the elimination of some 
auxiliary degrees of freedom from the gauge and hypermultiplet superfields. The M=3 
superfield formulation suggests a simple technical criterion as to whether a chosen gauge 
group admits the existence of hidden additional supersymmetries and R-symmetries: it 
is the cancellation of the terms quartic in the hypermultiplets in the full variation of the 
gauge-covariantized hypermultiplet action. 

To clarify the significance of the M=3 superfield formulation presented here, let us 
resort to the analogy between the ABJM theory and the A/'=4, d=4 super Yang-Mills 
(SYM4) theory, which describe the low-energy dynamics of multiple M2 and D3 branes, 
respectively. As is well known, the SYM4 model is the maximally supersymmetric and 
supcrconformal gauge theory in four dimensions, a fact crucial for the string theory / field 
theory correspondence (see e.g. [48]). The N=2, d=4 harmonic superspace [42] provides 
the appropriate off-shell J\f=2 superfield description of SYM| as SYM| plus an M=2 hy- 
permultiplet in the adjoint representation minimally coupled to the M=2 gauge superfield. 
Such a formulation was successfully used to study the low-energy quantum effective action 
and the correlation functions of composite operators in J\f=2 superspace (see, e.g., [49] 
and [50]). 

Analogously to SYM4, the ABJM model is the maximally supersymmetric and supcr- 
conformal Chern-Simons-matter theory in three dimensions ^. The ABJM construction 
opened up ways for studying the AdS4/CFT3 correspondence between three-dimensional 
field models and four-dimensional supergravity in AdS space [5]-[21]. We believe that the 
J\f=3 superfield description of the ABJM model and its generalizations developed in the 
present paper will be as useful for studying their algebraic and quantum structure as the 
J\f=2 harmonic superspace approach has proved to be for SYM|. In particular, we expect 
that it will be very efficient for investigating the low-energy quantum effective action in 
three-dimensional J\f=6 supersymmetric field models as well as for computing the correla- 

'^Well, almost: The maximal supersymmetry in three dimensions with a highest spin of one is J\f=8, 
corresponding to the BLG special case of the ABJM model. However, the BLG model describes only two 
M2 branes since it is based on SU(2) x SU(2) while the ABJM model serves perfectly for an arbitrary 
number of M2 branes since it is based on U(iV) x U(A'^). 
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tion functions of composite operators directly in A^=3, d=3 harmonic superspace, because 
the manifest off-sheh M=3 supersymmetry is respected at each step of the computation. 

Furthermore, there are also other directions for extending the present study. A natural 
generalization is to find the J\f=3 superfield description for superconformal field models 
with A/'=4 and J\f=5 super symmetries, which are also interesting from the point of view of 
the AdS/CFT correspondence. We already considered one such example in Subsection 4.3. 
Another evident task is the coupling of the ABJM J\f=3 superfield models to (conformal) 
M=3 superfield supergravity. 

As one more possible development, one may hope that our ^^=3 superfield reformulation 
is capable to give further insight into the structure of those BLG theories which are based 
on the Nambu bracket (sec [34] [36]) and to clarify their relation to the M5 brane. In 
this connection, we mention that the equations of motion in the analytic Af=3 superspace 
(3.46) and (3.47) for the U(A^) x U(M) model (and their analogs for the other models con- 
sidered) possess an equivalent formulation in ordinary M=3 superspace as follows. Using 
the bridges for the gauge superfields and passing to the central basis in J\f=3 harmonic 
superspace and the so-called r gauge frame [43], one can convert the equations (3.46) to 
the form of flat harmonicity conditions, which imply that the corresponding hypermulti- 
plet superfields are linear in the harmonics uf. At the same time, the spinorial harmonic 
analyticity conditions become highly nonlinear in this case, and one may think that the 
r-frame form of the Chern-Simons equation (3.47) arises as an integrability condition for 
these nonlinear harmonic analyticity constraints. At this point there might be contact 
with a recent paper [35] , where the equations of motion for the Nambu-bracket BLG the- 
ory were rewritten in terms of A^=8 superfields as some superfield constraint of first order 
in a gauge-covariantized spinor derivative. Based on the analogy with the ordinary J\f=3 
superfield form of the ABJM equations just mentioned, we guess that the constraint of [35] 
can be interpreted as a kind of Grassmann harmonic M=8 analyticity in the r frame. 

Finally, it is worthwhile to note that the interrelations between the low-energy actions 
describing M2 and D2 branes was the subject of many papers (see, e.g., [37]). It was 
discovered that this issue is intimately related to a new type of Higgs phenomenon. It is 
clearly of interest to elaborate on it using our Af=3 superfield framework. In the Appendix 
we show how this phenomenon arises in the simplest U(l) x U(l) model of Subsection 3.2. 
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A. Appendix. Higgs effect in the U(l) x U(l) model 

Here we briefly discuss how the Higgs-type effect of refs. [37] arises in the framework of the 
A^=3 superfield formalism. We shall consider the simplest U(l) x U(l) model of Subsect. 
3.2. The corresponding superfield action, the sum of (3.17) and (3.18), can be treated as a 
low-energy limit of the worldvolume action of single M2 brane. 

The gauge group (3.19) which acts on hypermultiplets is realized by the following 
infinitesimal transformations 

,5g+" = Ag+", 5qt = -Kq^, SA++ = -D++A, A = Al-Ar. (A.l) 

The rest of the gauge U(l) x U(l) group with the parameter A = -|- A^, acts only on 
V++: SV++ = -D++A. 

As the first step we pass in (3.18) to the dual uj, /++ description by decomposing 

q+'^ = u+'^u-u--f++, q+ = -utu + u-f++. (A.2) 

Assuming that there is a constant real condensate in to, 

u! = co + Lb, Co = Co , (A.3) 

and taking into account the gauge transformation law 

Su = A (co -I- to) , (A.4) 

one can choose the "unitary" gauge in which the imaginary part of u has been completely 
gauged away: 

uj = uj , u = (jj . (A. 5) 

Up to a total harmonic derivative, the Lagrangian in the action (3.18) in this gauge is 
rewritten as 

A = + D+^u - - (/++ - /++) (CO + Lo). (A.6) 

Upon varying with respect to the auxiliary superfields /++ , /++ and substituting the result 
back into (A.6), we obtain 

C,^C,= {D++Cjf - (co + uf{A-^+f . (A.7) 

We see that the superfield A'^^ is now also auxiliary and can be eliminated from the sum 
+ Shyp, eqs. (3.17), (3.18), by using its algebraic equation of motion 

^++ = _ A —L— W++{V). (A.8) 
167r (co + w)2 ^ ^ ^ ^ 
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Substituting this expression back into the total action, we obtain 



5, 




A:2 1 



-W++iV)W++{V) . (A.9) 



gauge 



(167r)2 (co+u) 



This action is a sum of the free real uj hypermultiplet action and the A^=3, d=3 Maxwell 
action multiplied by the "dilaton" factor which ensures the (spontaneously broken) super- 
conformal invariance of the final gauge-fixed action (recall that we started from the action 
invariant under the A^=3, d=3 superconformal symmetry). It should also be implicitly in- 
variant under nonlinearly realized S0(6) symmetry and hidden A/'=3 supersymmetry, since 
these invariances are inherent in the sum of the actions (3.17), (3.18) we started with. It 
is interesting to inquire what kind of nonlinear sigma model for scalar fields is hidden 
in (A.9). One has now four real scalar fields in the lj hypermultiplet and three physical 
scalars in the gauge action (former auxiliary fields 0^'^ -|- (/>^'^ of the Chcrn-Simons su- 
perfield action), i.e. total of seven physical scalar fields ^. One of these bosonic fields is 
dilaton, so there remain six bosonic fields which should support a nonlinear realization of 
the group S0(6) ~ SU(4). The only 6-dimensional coset manifold of SU(4) seems to be 
CP^ ~ SU(4)/U(3), so we expect that the action (A.9) contains the d=3 nonhnear CP^ 
sigma model in its bosonic sector and thus can be interpreted as a low-energy limit of the 
single D2 brane action on AdS4 x CP^. 

It would be interesting to see how the above procedure generalizes to the non-Abelian 
case. 
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